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Abstract 

In this paper, we consider the discrete AKNS-D hierarchy, find the construction of 
the hierarchy, prove the bihnear identity and give the construction of the r-functions 
of this hierarchy. 
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1 Introduction 

The integrable system theory is an elegant achievement in mathematics, which is developed 
in last century. Recently, many authors have paid attention to consider the discrete and 
semi discrete integrable system(one variable is discrete). A nice review is given by the book 
edited by Bobenko and Seller [1]. One of the well studied topics is the q-deformed KP 
hierarchy [2]- [8]. In [9], we studied the q-deformation of AKNS-D hierarchy. The lax pair 
has been found, the bilinear identity has been proved and r-function has been constructed. 
All these results show that the q-deformed integrable system shares similar properties with 
the continuous case. However, all above results are about the q-difference operator. It is 
still far away from the standard discrete system, for example, the variable x is still in R 
instead of in Z. An natural question is whether we can construct a discrete system which 
shears the similar properties. The answer is positive. P.Iliev considers this problem for KP 
hierarchy [10]. In this paper, we want to consider this problem in AKNS-D hierarchy case. 

This paper is organized as following: section II briefly reviews the classical AKNS-D 
hierarchy. Section III contains the main results of this paper. In the first part of this 
section, we review some basic results of discrete calculation. In the second part, we give 
the definition of discrete AKNS-D hierarchy, we also give the Lax pair of discrete AKNS-D 
hierarchy. In the third part, we define the Baker function of discrete AKNS-D hierarchy and 
prove the Hirota bilinear identity. The construction of r-function is contained by the last 
part. In this part, we also consider the deformed difference operator and the relation 
between the discrete AKNS-D hierarchy and classical AKNS-D hierarchy. 

2 Basic results on AKNS-D hierarchy 

We will give a brief review of AKNS-D hierarchy. Details can be found in any standard text 
book. 
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Let L = dx — zA + U , where A = diag{ai, ■ ■ ■ , a^) and U is a m x m matrix function of 
(^5 tka) with = 0, Here A; = 0, 1, 2, • • • , a = 1, ■ ■ ■ ,m. The resolvent of L is defined 
as 

oo 

R = J^R^'^z\ 

k=0 

[L,R] = 0. (1) 

All resolvent form an algebra over the field of series c{z) = J2'kLo Ck^~^- This algebra has a set 
of basis {Ra} which satisfies = Ea- is a constant matrix and the component of E^ 
is Sia^ja- Denote B^a '■= {z''Ra)+, where the subscript "+" means taking the non-negative 
power terms of z. The AKNS-D hierarchy is the set of equations 



dkaL — [Bka, L], (2) 



where d^a nieans 



We can also define the dressing operator w of L as 

oo 



W\Z) 

k=l 

Lw — w-{dx — zA). (3) 

The formal Baker function w{z) is 

(oo m \ 
J2 J2 ^'"EJka ■ (4) 
k=0 a=l J 

Then we have 

L = wdxW~^, 
Ra wEaW~^. (5) 

and the Lax pair form of AKNS-D hierarchy is 

L(w) = 0, 

dkaW = BkaW. (6) 

Denote w* — {w~^)'^, an very important property of Baker function is the following Hirota 
bilinear identity. 

Proposition 1 (Hirota bilinear identity) 
Bilinear relation 

res^[z^{dk^ai ■ ■ ■ dk.asW) ■ (w*)^] = 
holds for any / = 0, 1, • • • and {ki,ai), - ■ ■ ,{ks,as). Conversely, any two functions 

GO / OO m \ 

W = {I + Yl 5Z 5Z ^^Eatka 

3=1 \k=0 a=l J 

oo / oo TO \ 

w* = {I + Y.w*z-^)eK^[-Y,Y.z^Eatka] 

3=1 \ fe=Oa=l / 

satisfy above bilinear relation, then — {w*Y o-nd w is a baker function of an L which 
satisfies the hierarchy equations 2 . 
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3 The discrete AKNS-D hierarchy 



3.1 Discrete calculations 

In this section, we want to give some basic facts about the discrete calculations which 
will be needed later. We will use the notations given by [10]. In order to avoid possible 
misunderstanding, we use A{f) or (Af) to denote an operator A acts on a function / and 
AB or A ■ B to denote the operator multiplication. 

First, we introduce two operators: 

A(/) (7) 
A(/) (A-/)(/) = /(n+l)-/(n), (8) 

where / is a function on Z. A is the shift operator and A is the difference operator. For 
difference operator, the Leibnitz's Law is 

A{fg) = (A/) • (A^) + (A/) • g = (A/) • (A^) + / • (A^), (9) 

where / and g are functions on Z. 

In ref.[10], the author gives the definition of discrete exponential function Exp{n; t, z) as 

Exp{n; t, z) := (1 + z)" exp ^k^'^ = exp 

Under the action of difference operator, the behavior of Exp{n; t, z) is just like the ordinary 
exponential function under the action of partial differential operator, i.e. 

AExp{n; t, z) — zExp{n; t, z). (11) 

It is easy to see that Exp{n;t, z) has a formal inverse, i.e Exp^^{n;t, z) = Exp{—n; —t,z). 
We use the word "formal" because Exp{n; t, z)Exp^^{—n; —t, z) = 1 but Exp~^{n; t, z) is ill- 
defined at ^ 7^ —1. What we want to emphasis is Exp{n; t, z)Exp~^{—n; —t, z) is well-defined 
ever where. This is an important property which we need later. 

For two operators, we introduce the discrete commutator as 

[A,B]d:= {^A)- B - B ■ A. (12) 

We also need to introduce an L^-inner product on the matrix-function space over Z. It 
takes the form 

<f.g>:=Y.HI-9)- (13) 

— oo 

Under this metric, we get the dual operator of A as 

A*(/) = (A-^-/)(/) = /(n-l)-/(n). (14) 



^[tk + n- 



-1 



.fc=i 



(10) 
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3.2 Discrete AKNS-D hierarchy 

Let Ld = a — zA + where A — diag{ai, ■ ■ ■ , a^) and U is a. m x m matrix function on Z 
with Uii — for any i. Like the classical AKNS-D hierarchy, we define the resolvent R for 
L/j as 



oo 



R=J2R(i}^~\ (15) 

i=0 

[R,Lu]d^O. (16) 

Above equations can be expressed as 

Ai?(j) - [R(i), U]d + [R(i+i),A]n = 0, 

[Rio),A]D = 0. (17) 

Lemma 1 All of resolvents form an algebra over the field of the formal series c{z) = 
J2iZo CiZ~^ and we denote it as 3?. 

Proof: 

1) It is easy to see that c{z)R^-\- f{z)R^ is a resolvent of if R^ and R^ are all resolvents. 

2) If R^ and R^ are two resolvents of L^, we have 

[R^R^ ^ L£)\d 
= {kR^)[R\Ln\D + [R\LD]DR'' 

= 0. (18) 

So wc get 3? is an algebra over the field of c{z).\^ 
We define the dressing operator wd{z) as 

oo 

Wd:= I +Y.'^kZ~^^ (19) 

k=l 

which satisfies 

LdWd^{Kwd)-{^- zA). (20) 

Using the formal extension (19), we can solve wd order by order, so the existence of wd is 
obvious. 

Lemma 2 Ra — woEaW^^ is a resolvent and satisfies Ra ■ R/s — SapR/s- 
Proof: 

[Ra, Ld]d 

= {AwD)EaiAwDy'^ ■ {A- zA + U) - {A- zA + U)wdE^w^^ 

= {Kwd)Ec,{Kwd)~^ ■ {Awd){A - zA)w^^ - {Awd){A - zA)w^^ ■ woEaWl^ 

= {Kwd)[EccAA-zA)\wd 
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= 0. (21) 

RaRf5 
= WDSafsEpWj^^ 

= SapRf3- (22) 

Then we prove this lemma. □ 

Lemma 3 Each R can be fixed by the zero order term i?(o) and {Ra\a = 1, ■ ■ ■ .m} form a 
basis of^. 



Proof: From the second Equation of (17), we find i?(o) must be diagonal and constant for 
n (here we require all functions will be bounded as n — > ± oo). Using the first equation of 
(17), we can solve each order by order. The only freedom of is a constant diagonal 
part of wich can be chosen as zero. So the linear independent solutions should be those 
which satisfies R(q) — E^. That is the reason why R^ form a basis of 3f?.n 

Wc define Bka '■= {z^Ra)+ and B^a '■— z^R^ — Bka- With these notations, we make 
following definitions. 

Definition 1 The discrete AKNS-D hierarchy in Lax pair form is 

LdWd = (Awd) ■ {A- zA), 

dkaWD = -BkaWD- (23) 

Definition 2 The discrete AKNS-D hierarchy is defined as 

dkaLn = [BkajLolD- (24) 



The relation between above two definitions of discrete AKNS-D hierarchy is expressed in 
following theorem. 

Theorem 1 Definition 1 and definition 2 are equivalent. 
Proof: 

1) If we have and wd satisfy definition 1, 

dkocLo = dka[{,J^WD){,^- zA)wJ)^] 

= -(A5fc«)(AwD)(A - zA)wo^ + (Awz))(A - zA)dkc,w^^ 

= -(A5fe„)(AwB)(A - zA)wY)^ - {kwD){^ - zA)wo\dkaWD)w-D^ 

= -{ABka){AwD){A - zA)wd^ + {Awd){A - zA)wD^Bka 

= —[Bka,L£)]£i 

= [Bka,LD]D. (25) 

2) Conversely, if we have Ln which satisfies definition 2. Based on the definition (19), 
we get the dressing operator wd- Further more, we can also construct the resolvent R^- 



5 



Because L^, satisfies definition 2 and Rjj is resolvent of L^), we have 

[dkaRl3-, Ld]d 

— dka[Ri3, LdId — [Rf3,dkaLD]D 

— —[RaA^ka, Ld]d]d 

— —{ARfs){ABi:a)LD + {h-Bi^a){^R(i)LD + LoRfjBka — LoBkaRfj 

= [[Bka, R/s], Ld]d, (26) 
i.e. dkaR(3 — [Bka-i Rp] is a resolvent of Lb- Keep lemma 3 in mind, we know 

dkaRp — [Bka, Rp] = X] c^{^)R^ (27) 

7 

Choosing any i?^, rj f^, lemma 2 tells us 

RriidkaRp — [BkajRp]) 

— RrjdkaR/S — R-qBkaRlS 

— —{dkaRri)Rp + [-Bfcaj Rr]]Rl3 

= (-135^(^)^7)^/3 
7 

= -C0{z)Rp 

= Cr,iz)Rr,. (28) 

Because we have known that Rrj and Rfs are linear independent, we have Cfs{z) — c^(-z) = 0, 
so we have dkaRp — [Bka, Rp] — c{z)R(}- Repeat above method, we have 

{dkaR(3 — [Bka, R/3])Rl3 

= c{z)R3 

= dkaRji — [Bka-, Rp] — {dkaRf) — [Bka-, R/sDR/S 

= 0, (29) 
that tells us that dkaRp — [Bka, Rr/] = 0. 

[dkaZ^Rp — dll3Z^Ra) + 

— [Bka, z''Rp]+ — [Bip, z'^Ra] + 

— [Bka, Bip]+ + [Bka, Bip]-^ + [Bka, Blfj]+ + [Bka, -6//?] + 
= [Bka, B113] + [Bka - Z + [Bka, Blfj]^ 

— [Bka, Bip] + [Bka, Z Rl3\+ + [Bka, Z Rp]^ — [Bka, + 

= [Bka,Bii3], (30) 

so we have dkaBip — dipBka = [Bka, Bip]. Like the classical case, we just extend the operator 
dka on wd by requiring dkaWn = —BkaWn- Above result insures the commutation relation 
[dka, di^ =0, then we prove this theorem. □ 

3.3 Baker function and bilinear identity of discrete AKNS-D hi- 
erarchy 

We define the Baker function of discrete AKNS-D hierarchy as 

(00 n \ 
z'^EJka - (31) 
k=0 a=l J 
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Using Eq.(ll), it is easy to see that 

(oo n \ 
J2J2i'kaEaz'], (32) 
fe=0 a=l / 

where = t^a + — (fla)''- With this definition, we have following result, 
Lemma 4 

Ld{wd) = 0, 

dkaiwo) = BkaWD- (33) 

Proof: 

Ld {wd) = (Awd) (A - zA)w]j'' ■ WDg{n; t, z) 
= {Kwd){^- zA)g{n-t,z) 

= 0. (34) 

dkaiwo) = dka{wDg{n]t,z)) 

= -BkaWDg{n;t,z) + WDz''Eag{n;t,z) 

= BkaWD- □ (35) 

Denote wd* = {wd~^)'^ , we get 

Ld*{wd*) = 0, (36) 

where L^* is the dual operator of under the L^-inner product (13). With the definition 
of Baker function, we can prove the Hirota bilinear identity of discrete AKNS-D hierarchy. 

Theorem 2 (Bilinear identity) 

I) If Wd is a solution of Eq.(33), it satisfies following identity, 

res,{z\^^'dtlwD)-WD-^) = ^. 

for anyl = 0,1, ■■■,m^O,l andV [X].( Here 4a = 5feiai42a2 • • • 4.a.; and {h, ai), • • • , {k^, a^) 
are set of index) 

II) Conversely, if we have two functions wd and wd* 

oo 

Wd = (1 + ^ Wfe^"'=)g'(n;t,2;), 



k=l 

oo 



which satisfy 



Wd* = {l + J2wlz'')g{-n;-t,z), 

k=l 



res,{z'{A^d]^iwD)-{wD*f}^0, 



for any I = 0,1,2, ■ ■ ■, m = 0,1 and V [A], then it implies 

1. WD-' = {WD*Y, 

2. Wd is a solution of Eq.(33). 
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Proof: 

1) If wd is a solution of Eq.(33), d^^},WD = f{Bka) ■ wd, where f{Bka) is a differential 
polynomial of {-Bfca} and {f{Bka))+ = f{Bka)- The bilinear identity is 

res.iz'iA^'d^^^wn) ■ WD-'] 
= res,{z'[A"'f(Bko.)wn]-WD-'} 

= res, {z'[A"'f{Bka)]wD ■ wo-'} + res, {z'[A-/(B,„)] [A^u;^] ■ wn-'} 
= res, {z\A"^f{Bka)]} + res, {z'[A™/(S,«)](^A - Ur} 

= 0. (37) 

2) If Wd and W£)* satisfy the bihnear identity, we take m — and [A] — 0, so we have 
wd~' — {wd*Y because the bihnear identity holds for any Z > 0. 

Consider following equation, 

dkaWD - BkaWD 

= dka{wD 9{n; t, z)) - BkaWo gin; t, z) 

= idkaWD)gin; t, z) + wd z'^E^gin; t, z) - Bka^D g{n; t, z) 

= idkaWD)g{n; t, z) + z^RaWD gin] t, z) - BkaWD g{n; t, z) 

= {dkaWD + BkaWD)g{n; t, z) . (38) 

The bilinear identity tells us 

res,[z^{dkaWD - BkaWD) • (wd*)^] = 0. (39) 
Using above result, we re- write this equation as 

res,[z\dkaWD - BuaWo) ■ {wd*)'^] 
= res,[z\dkaWD + BkaWD)g{n] t, z) ■ {w*Dg{-n; -t, z))^] 

= reS,[z\dkaWD + BkaWD) ■ {w*Df] 

= 0. (40) 

The zero result of Eq.(39) tells us that the terms in bracket contain no negative power of z, 
but we can also see that there is no positive power term in the bracket of last line of Eq.(40) 
and the zero order term of it is 0, then we get 

dkaWD + BkaWD = 0. (41) 

Introduce Ld — {A.wd) ■ Awd~' = A + (Awd) ■ {Awd~') = A — (Awd) • wd~', the formal 
extension of tells us that the highest power term m. Lo is zA and bilinear identity implies 
{Awd)-wd~' contains no negative power term. The zero order term gives — [/, then we finish 
the proof. □ 

3.4 r-function of discrete AKNS-D hierarchy 

In classical AKNS-D hierarchy, we can introduce r-function to construct the Baker function 
w[ll, 12, 13]. The relation between r-function and Baker function for classical AKNS-D 
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hierarchy is 



(W)ap = Z 



Ha. - '^"''\t)'~''"'^ - (42) 

Define the discrete shift of t^a as t'^^ = tka + ^^"^^ — (oa)'^- If r is a r-function of classical 
AKNS-D hierarchy, we denote r£)(n;t) as TD{n;t) = T{t') and call Td as the r-function of 
discrete AKNS-D hierarchy. Like the classical case, we also use relation (42) to define wd, 
i.e. 

[WD)al3 — Z 



1 

k 

TDit) 



[WD)aa = TTT • (43) 



then we have following theorem. 



Theorem 3 The function wd defined by Eq.(43) is a baker function of discrete AKNS-D 
hierarchy (24)- 

Proof: Because of the definition in (43), it is easy to see that woit) = w{t'). We have know 
that the classical r-function satisfies bilinear identity. What we need to show is above wd 
satisfies bilinear identity in Theorem 2. 

For m — 0, because = jS—, we have 

r(^Sz[z^{di^lwD) ■ uj-'^] 
= res^[z^{d^^iw{t')).w-\t')] 
= res,[z\d'^^w{t'))-w-\t')] 

= 0. (44) 

For m — 1, 

res,[z'{Ad'iiwD)-WD-'] 
= res,|z^[aS^^;(^,^ + (n+l)t^ (a^Y)] . w-\t,^ + n^-^^^ {apY)'^ 

-res, |^l4>(^./3 + ^^^^7^ • ^~'its(S + ^^^^7^ • (45) 

The second term of above equation is zero because of the bilinear identity of classical AKNS- 
D hierarchy. Taking the formal Taylor extension of function w{tsf3 + {n + 1)^-^^- — (o/?)*), we 
get 

res,|^'[ai>(t,^ + (n+l)^^^ (a^Y)] . w~\t,^ + n^lll (a^)^)| 

= Ec(W)^-^(a,)^- res,{z^[d^ldSw{t',,)]-w-\t',,)} 

= 0, (46) 
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where c{[ri]) are Taylor extension coefficients. Above zero result comes from classical bilinear 
identity because all terms in the summation are zero. This implies the r-function got from 
the shifting method is really a r-function of discrete AKNS-D hierarchy. □ 

Finally, we also want to consider the relation between classical AKNS-D hierarchy and 
discrete AKNS-D hierarchy. In order to do that, we have to introduce a deformed difference 
operator and shift operator A^ as 



All functions we used should be deformed as f{n) fei^) = f{x-\-ne). In fact, this program 
is only changing the length of step. It is easy to see that all results in previous sections will 
hold under the change of the length of step. We take the limit e — > then we get the 
classical AKNS-D hierarchy which is briefly introduced in section II. The Taylor extension 
in the proof of theorem 3 will give the standard relation between dx and dka under this limit, 
i.e. 9, = E^=ia«5i, [H, 12, 13]. 
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f{x + ne + e) — f{x + ne) 



(47) 
(48) 



e 



f{x + ne + e). 
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